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Fig. 6 Comparison of results for separated flow for NACA 0012 airfoil
for M = 0.15 and Re = 1 ×× 106 using XFOIL (1), the nonlinear theory
(2), and the linear theory (3). In (2) and (3) the separation point location
xs(α) was prescribed from XFOIL output (lower part of the figure).

nonlinear behavior in CN (α) and Cm(α). The linear and nonlinear
analytic methods are in reasonable qualitative agreement with the
XFOIL prediction of this nonlinear variation. Interestingly, the lin-
ear results happen to be in closer agreement with XFOIL than the
nonlinear. Evidently, errors due to absence of airfoil thickness and
the projection of boundary conditions onto the longitudinal axis to
some extent cancel one another.

Conclusions
A solution, linear in angle of attack, is given for flow about a thin

symmetric airfoil, that is, an inclined flat plate, with a semi-infinite
separated region. This solution allows one to ascertain explicitly
the effect of the development of upper-surface separation on the
airfoil lift and pitching moment coefficients. The main drawback is
the enforcement of the uniform-pressure boundary condition on the
corresponding segments of the real axis, rather than on the actual
boundary of the separated region. Physically, this assumes that the
separated region is thin. Errors resulting from such an approximation
were estimated by a comparison with the Chaplygin–Lavrientiev
classical nonlinear solution. The linear solution was also compared
with XFOIL results for a NACA 0012 airfoil. XFOIL’s prediction
of the location of the upper surface separation point was input into
the analytic solutions, to obtain the static dependency of lift and
pitching moment coefficients on angle of attack. Results from the
linear and nonlinear analytic solution and the XFOIL computation
were in satisfactory agreement.
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Introduction

T HE effect of sweep angle and taper ratio of swept back trape-
zoidal wings based on geometrically nonlinear von Kármán

plate theory is studied in this Note. A three-dimensional time-
domain vortex lattice aerodynamic model is used to investigate the
flutter characteristics and limit-cycle oscillations of a low aspect
ratio swept back trapezoidal wing at low subsonic flow.

Flutter characteristics and nonlinear response of cantilevered,
low-aspect ratio, rectangular and delta wing models in low sub-
sonic flows have been studied recently. Hopkins and Dowell1 and
Weiliang and Dowell2 studied the limit-cycle oscillations of rect-
angular cantilever plates in high supersonic flow. Their results pro-
vided good physical understanding about the flutter and limit-cycle
oscillation characteristics for such plates in a high Mach number
supersonic flow. Tang and Dowell3 and Tang et al.4 investigated
limit-cycle oscillations of cantilever rectangular and delta plates at
low subsonic flow. Their analysis included the vortex lattice theory
in a reduced-order aerodynamic model. They investigated the effect
of a steady angle of attack on both the flutter instability boundary
and the limit-cycle oscillations. Bakhtiari-Nejad and Shokrollahi5

conducted an aeroelastic eigenanalysis of a cantilever plate in low
subsonic flow to predict flutter onset. The effect of local forcing
functions on the response of a cantilever plate at low subsonic flow
was also studied by Bakhtiari-Nejad et al.6 In that paper, the piezo-
electric actuators were used to model the local forcing functions and
the effect of their positions on flutter suppression.

Theoretical Development
A plan view schematic diagram of a wing-plate geometry with a

three-dimensional vortex lattice model of unsteady flow is shown in
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Fig. 1 Aeroelastic model of a swept back trapezoidal Cantilever plate.

Fig. 1. The fully coupled aeroelastic model is developed hereafter as
a series of state-space equations. First, a nonlinear structural model
of the wing is developed based on the von Kármán thin plate theory
and Rayliegh–Ritz method. Next, the unsteady aerodynamic equa-
tions governing the three-dimensional flow about the model swept
back trapezoidal wing are derived. Finally, the aeroelastic state-
space equations are developed by coupling the structural dynamics
equations with aerodynamic flow field.

Nonlinear Structural Model of Trapezoidal Wing
The swept back trapezoidal wing model under consideration is as-

sumed to behave as a thin plate of uniform mass and stiffness based
on the von Kármán nonlinear plate theory. Rayliegh–Ritz method
is used to transfer equations into modal domain to solve equations
of motion. In accord with the Rayliegh–Ritz method (see Ref. 7)
admissible functions must be selected so that geometric boundary
conditions are satisfied. In the case of rectangular cantilever plates,
the product of clamped–free and free–free beam functions are suf-
ficient to satisfy geometric boundary conditions. Because of the
nonregular boundary shape in a swept back trapezoidal plate and its
associate difficulty to select admissible functions for vibration anal-
ysis, we mapped the trapezoidal domain into a unit square domain
referred to the normalized beam coordinates. The following general
formulation allows the treatment of a whole family of rectilinear
wings of arbitrary constant taper and aspect ratios through the use
of transformation to the normalized beam mode coordinates.

Wing taper ratio (TR), is defined as a ratio of the wing tip chord,
ct to the root chord cr . The aspect ratio (AR), is defined in terms of
cr , TR, and semispan length L as

AR = (span)2

wing area
= 4

1 + TR

(
L

cr

)
(1)

To facilitate the use of clamped–free and free–free beam functions
for approximating mode shapes of the plate and any wing fittings,
transformations given as follows map any point from physical co-
ordinates on the wing to the normalized beam coordinates:

ξ = x/cr − (AR/4)(1 + TR) tan �(y/L)

1 − (1 − TR)y/L
, η = y/L (2)

where � is sweep angle of the wing as shown in Fig. 1.
To approximate mode shapes of the plate to use the Rayliegh–Ritz

method, products of clamped–free and free–free beam functions are
selected as admissible functions given by Eq. (3). These equations
give the transverse or out-of-plane displacement w and the in-plane
displacements u and v at any point on the wing. They can be ex-
pressed as a time-dependent weighted sum of assumed spatial mode
shape functions,

u(x, y, t) =
∑

i

∑
j

ui [ξ(x, y)] × u j [η(x, y)]ai j (t)

v(x, y, t) =
∑

r

∑
s

vr [ξ(x, y)] × vs[η(x, y)]brs(t)

w(x, y, t) =
∑

m

∑
n

ψm[ξ(x, y)] × φn[η(x, y)]qmn(t) (3)

Table 1 Approximate spatial wave numbers
for free–free and clamped–free beam modes

i αi j β j

3 4.7300407 1 1.8751041
4 7.8532046 2 4.6940911
5 10.995608 3 7.8532046
≥6 (π/2)(2i + 1) ≥4 (π/2)(2 j − 1)

where ai j (t), brs(t), and qmn(t) are generalized coordinates and the
mode functions ui , u j , vr , vs , φm , and ψn can be obtained using
exact solutions of beam as given by

ui (ξ) = cos(iπξ), u j (η) = sin[(2 j − 1)/2]πη

vr (ξ) = cos(rπξ), vs(η) = sin[(2s − 1)/2]πη

ψ1(ξ) = 1, ψ2(ξ) =
√

3(1 − 2ξ)

ψm(ξ) = [cos(αm x) + cosh(αm x)] −
[

cos(αm) − cosh(αm)

sin(αm) − sinh(αm)

]

× [sin(αm x) + sinh(αm x)] m ≥ 3

φn(η) = −[cos(βnη) − cosh(βnη)] −
[

sin(βn) − sinh(βn)

cos(βn) + cosh(βn)

]

× [sin(βnη) − sinh(βnη)]

where ψn are the one-dimensional free–free beams modes in the
chordwise direction of the plate and φm are the one-dimensional
clamped–free beam modes in the spanwise direction. These func-
tions are orthonormal over the range 0 ≤ ξ, η ≤ 1 and have associ-
ated wave numbers computed as given in Table 1. Here, αi and β j are
approximate special wave numbers for free–free and clamped–free
beam modes, respectively.

In-Plane Equations
It is assumed that all of the nonconservative forces act only in

the z direction and in-plane inertia may be neglected. Thus, the in-
plane equations of motion are determined from the stretching strain
energy and Lagrange’s equation (see Ref. 8). The nondimensional
in-plane u and v are given as:

∑
k

∑
p

Ci j
kpakp +

∑
g

∑
f

Ci j
g f bg f = Ci j (4)

∑
k

∑
p

Drs
kpakp +

∑
g

∑
f

Drs
g f bg f = Drs (5)

where Ci j
kp and Ci j

g f is defined as given as follows and Drs
kp , Drs

g f , Ci j ,
and Drs can be obtained in a similar way:

Ci j
kp = 2

(
h

cr

)2 ∫ 1

0

u′
ku′

i dξ

∫ 1

0

E(η)vpv j dη

+ (1 − ν)

(
h

L

)2[∫ 1

0

F(ξ)2u′
ku′

i dξ

∫ 1

0

E(η)vpv j dη
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+
∫ 1

0

F(ξ)u′
kui dξ

∫ 1

0

vpv
′
j dη +

∫ 1

0

F(ξ)uku′
i dξ

∫ 1

0

v′
pv j dη

+
∫ 1

0

ukui dξ

∫ 1

0

v′
pv

′
j

dη

E(η)

]
(6)

Ci j
g f = 2ν

(
h

cr

)(
h

L

)∫ 1

0

F(ξ)u′
gu′

i dξ

∫ 1

0

v f v j dη

+
∫ 1

0

ugu′
i dξ

∫ 1

0

v′
f v j dη + (1 − ν)

(
h

cr

)(
h

L

)

×
[∫ 1

0

F(ξ)u′
gu′

i dξ

∫ 1

0

E(η)v f v j dη

+
∫ 1

0

u′
gui dξ

∫ 1

0

v f v
′
j dη

]
(7)

Here F(ξ) and E(η) are components of the Jacobian matrix and are
defined by

F(ξ) = (1 − TR)ξ − (AR/4)(1 + TR) tan �

E(η) = 1/[1 − (1 − TR)η] (8)

Transverse Equations
The transverse equation is formed by substituting the kinetic and

strain energy expressions into Lagrange’s equation. The nondimen-
sional equation is

∑
m

∑
n

⌊
Ai j

mnq̈mn(τ ) + Bi j
mnqmn(τ )

⌋ + Qi j = −FN (9)

where Ai j
mn and Bi j

mn are coefficient terms defined as follows and
in the Appendix, respectively, and Qi j is the nondimensionalized
generalized aerodynamic force that will be discussed in the next
section:

Ai j
mn = 1

6

∫ 1

0

φiφm dξ

∫
ψ jψn

dη

E(η)
(10)

Aerodynamic Method: Vortex Lattice Model
The flow about the cantilever trapezoidal plate is assumed to be

incompressible, inviscid, and irrotational. Here we use an unsteady
vortex lattice method to model this flow. A typical planar vortex
lattice mesh for the three-dimensional flow is shown in Fig. 1. The
plate and wake are divided into a number of elements. Point vortices
are placed on the plate and in the wake at the quarter chord of
the elements. At the three-quarter chord of each plate element, a
collocation point is placed for the downwash, that is, we require
the velocity induced by the discrete vortices to equal the downwash
arising from the unsteady motion of the plate. The aerodynamic
matrix equation can be obtained as

AΓt + 1 + BΓt = wt + 1 (11)

where Γt + 1 is the strength vector of vortices and wt + 1 is the down-
wash at the collocation points at step time of t + 1. A and B are
aerodynamic coefficient matrices given by Hopkins and Dowell.1

From fundamental aerodynamic theory, we can obtain the pressure
distribution on the trapezoidal plate at the j th point in terms of the
vortex strength as:

� p̄ j = 1

�ξ

[
E(η)

(
Γt

j + Γt + 1
j

)
2

+
j∑

i = 1

(
Γt + 1

i − Γt
i

)]

Aeroelastic State-Space Model
At this stage we can combine structural dynamics response with

aerodynamic equations to obtain the aeroelastic model. Consider a
discrete-time history of plate motion q(t), with a constant sampling
time step �t . The sampled version of q(t) and the velocity of this
discrete-time series are defined by

q = (qt + 1 + qt )/2, q̇ = (qt + 1 − qt )/�t (12)

By the use of Eq. (12), the structural dynamic given by Eq. (9) can
be reconstituted as a state-space equation in discrete-time form as

D2θ
t + 1 + D1θ

t + C2Γt + 1 + C1Γt = −FN (13)

where the vector {θ} = {q̇, q} is the state of the plate and D1 and D2

are matrices describing the plate structural behavior. C1 and C2 are
matrices describing the vortex element behavior on the plate itself
and FN is a nonlinear force due to large deflection of the plate.

There is a linear relationship between the downwash w at the
collocation points and plate response θ as w = Eθ. Combining
Eqs. (11) and (13), we obtain the aeroelastic state-space model in
matrix form as

[
A −E

C2 D2

]{
�

θ

}t + 1

+
[

B 0

C1 D1

]{
�

θ

}t

=
{

0

−FN

}t + 1
2

(14)

We refer to Eq. (14) as the complete discrete-time fluid/structure
model. The eigenvalue solution of this discrete-time model deter-
mines the stability of the aeroelastic system in terms of eigenvalues
zi . If any of the eigenvalues have magnitude greater than unity, then
the system is unstable. In principle, one could find the eigenvalues
of Eq. (14) directly. However, for most aeroelastic calculations, one
must compute the eigenvalues of the system as a function of some
parameters, such as the variation of reduced velocity.

Numerical Results
Various types of swept back trapezoidal cantilever plate models of

varying aspect ratios and TRs were considered. Each model is taken
to be an aluminum alloy plate of constant thickness with different
aspect ratios AR from 2 to 10. The wing root chord cr = 0.365 is
fixed. The plate thickness h is 0.001 m, and Poisson’s ratio ν is 0.3.

For the basic case, the plate was modeled using 50 vortex ele-
ments, that is, km = 10 and kn = 5. Here, kmm is selected to be 40,
which gives 150 vortex elements for the wake model. The total num-
ber of vortex elements (or aerodynamic degrees of freedom) is 200.
In the nonlinear limit-cycle analysis, where the time response of the
system is investigated, there is a numerical instability (numerical
divergence) at higher flow velocity for larger �t or smaller km. In
these cases, the plate was modeled using 100 vortex elements, that
is, km = 20 and kn = 5, and the wake was modeled using 300 vortex
elements, that is, kmm = 80. The vortex relaxation factor was taken
to be α = 0.992.

Stability of Aeroelastic Model
When the nonlinear force FN in Eq. (14) is set to be zero, a linear

aeroelastic model is obtained. The aeroelastic eigenvalue solutions
of linear model determine the stability of the system. The discrete-
time eigenvalues zi are related to continuous-time eigenvalues λi by
zi = exp(λi�t). When the real part of any eigenvalue λi becomes
positive, the entire system becomes unstable. Figure 2 shows the
eigenanalysis in the form of real eigenvalues, Re(λ) vs the flow ve-
locity for sweep angles of leading edge of 0 and 30 deg. Figure 2b
shows at 30 deg there is an intersection of Re(λ) with the velocity
axis at U f = 32 m/s, which is the critical flutter velocity. In Fig. 2a,
there are two intersections of Re(λ) with the velocity axis. One is
U f = 42 m/s for the critical flutter velocity with the corresponding
flutter oscillatory frequency 76.8 rad/s. The other is Ud = 54.3 m/s
for divergent velocity with zero oscillatory frequency. From Fig. 2b
it is also found that in contrast to rectangular wings, for swept back
wings, static instability (divergence) does not occur while the flutter
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a)

b)

Fig. 2 Eigenvalue solution for linear aeroelastic model for a) Λ = 0,
rectangular and b) Λ = 30, trapezoidal.

a)

b)

Fig. 3 Flutter velocity vs sweep angle for a) AR = 4 and b) AR = 5: �,
TR = 0.5; �, TR = 0.75; and �, TR = 1.0.

a) Nondimensional transverse deflection

b) Nondimensional in-plane deflection

c) Decaying oscillation of the transverse deflection

Fig. 4 LCO for U = 95 m/s, Λ = 30, and TR = 0.5.

velocity decreases. The variation of flutter velocity vs sweep an-
gle, for various TRs and aspect ratios is given in Figs. 3a and 3b.
Figures 3a and 3b show that, in all cases, there is a minimum criti-
cal flutter velocity. For example, for AR = 4 and TR = 0.5, minimum
flutter velocity is nearly 33.8 m/s. Figures 3a and 3b also show by
increasing the TR from 0.5 to 1 for a given aspect ratio and sweep
angle the flutter velocity decreases. For example, with AR = 4 and
� = 30 deg, the flutter velocity decreases from 34 to 17.35 m/s.

Limit-Cycle Oscillation of Nonlinear Model
We have used a standard discrete-time algorithm to calculate

the nonlinear response of this aeroelastic system. The full aeroe-
lastic model [Eq. (14)] is used for a range of aspect ratio, sweep
angle, and TR. The time step �t = cr × �ξ/U is constant for a
given flow velocity U . Typical nondimensional transverse and in-
plane displacement time histories at location ξ = 0.75 and η = 1
for U = 95 m/s > U f (where � = 30 deg, TR = 0.5, and AR = 2)
are shown in Figs. 4a and 4b. There are a steady-state limit-cycle
oscillation (LCO) with frequency of 25.1 Hz. Note that the linear
flutter velocities is U f = 91.75 m/s. Figures 4 reveal that, because
the plate deflects in both the positive and negative z directions, the
in-plane displacement amplitudes u (and v) increase in the negative
x (and y) directions. Thus, the maximum transverse displacements
w, both positive and negative, correspond to the maximum nega-
tive in-plane displacements, and the in-plane displacements oscil-
late at twice the transverse oscillation frequency of 50.2 Hz. For a
flow velocity lower than the linear flutter velocity, for example, at
U = 90 m/s (where � = 30 deg, TR = 0.5, and AR = 2), the response
decays to zero, as shown in Fig. 4c. Note that, if we were to change
the sign of the initial conditions, then Fig. 4a would undergo a sign
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reversal, but Fig. 4b would be unchanged because u, v ∼ w2. Fig-
ures 4a and 4b show that the limit-cycle response is on the order of
the plate thickness well beyond the linear flutter velocity. When we
calculated the LCO, we found that there is a numerical instability
(numerical divergence) at higher flow velocity for larger �x or (�t)
for smaller km, for example, when km = 15, the numerical diver-
gence will occur when U > 100 m/s for � = 30 deg, TR = 0.5, and
AR = 2, where ny = 2 and nx = 4. To obtain the LCO in the higher
flow velocity range, we have to increase km and the corresponding
kmm, for example, we used km = 25 and kmm = 100 for ny = 2 and
nx = 4. We conclude this discussion by noting the correspondence
of our theoretical results with the experimental results of Doggett
and Soistmann.9 These authors tested delta (triangular) wings with
the lower sweep angles corresponding to higher aspect ratios and
higher sweep angles corresponding to lower aspect ratios. For the
last case they observed “limited amplitude oscillations.”9

Conclusions
A trapezoidal cantilever plate and three-dimensional vortex lat-

tice aerodynamic theory has been used to investigate the aeroelastic
characteristics of a swept back trapezoidal wing in low subsonic
flow. There are several parameters including sweep angle, TR, and
aspect ratio that have considerable effect on aeroelastic behavior
and characteristics of these wings. The results presented in this work
are consistent with numerical results for low aspect ratio rectangu-
lar wings and experimental data for delta wings reported by other
investigators (Refs. 3–9). This analysis can be used adequately for
aircraft design procedures and estimation of the optimum aspect ra-
tio, TR, and sweep angle of an aircraft wing especially at conceptual
design stages.

Appendix: Expressions for Cij, Drs, Drs
kp, Drs

gf and Bmn
ij

For Eq. (4), the term Ci j is given as follows:

Ci j = −
∑

m

∑
n

∑
r

∑
s

qmnqrs

{(
h

cr

)3 ∫ 1

0

φ′
mφ′

r u′
t dξ

×
∫ 1

0

ψnψxv j dη + ν

(
h

cr

)(
h

L

)2[∫ 1

0

F(ξ)2φ′
mφ′

r u′
i dξ

×
∫ 1

0

E(η)2ψnψsv f dη +
∫ 1

0

φmφr u′
j dξ

∫ 1

0

ψ ′
nψ

′
xv j dη

+ 2

∫ 1

0

F(ξ)φ′
mφr u′

f dξ

∫ 1

0

E(η)ψnψ
′
sv j dη

]

+ (1 − ν)

(
h

cr

)(
h

L

)2[∫ 1

0

F(ξ)2φ′
mφ′

r u′
j dξ

×
∫ 1

0

E(η)2ψnψsv j dη +
∫ 1

0

F(ξ)φ′
mφ′

r u j dξ

×
∫ 1

0

E(η)ψnψsv
′
j dη +

∫ 1

0

F(ξ)φ′
mφr u′

j dξ

×
∫ 1

0

E(η)ψnψ
′
sv f dη +

∫ 1

0

φ′
mφr u f dξ

∫ 1

0

ψnψ
′
sv

′
j dη

]}

For Eq. (5), the terms Drs , Drs
kp and Drs

g f are given as follows:

Drs = −
∑

m

∑
n

∑
r

∑
s

qmnqrs

{(
h

cr

)3 ∫ 1

0

φ′
mφ′

r u′
i dξ

×
∫ 1

0

ψnψsv j dη + ν

(
h

cr

)(
h

L

)2[∫ 1

0

F(ξ)2φ′
mφ′

r u′
i dξ

×
∫ 1

0

E(η)2ψnψsv j dη +
∫ 1

0

φmφr u′
i dξ

∫ 1

0

ψ ′
nψ

′
sv j dη

+ 2

∫ 1

0

F(ξ)φ′
mφr u′

j dξ

∫ 1

0

E(η)ψnψ
′
sv j dη

]

+ (1 − ν)

(
h

cr

)(
h

L

)2[∫ 1

0

F(ξ)2φ′
mφ′

r u′
i dξ

×
∫ 1

0

E(η)2ψnψsv j dη +
∫ 1

0

F(ξ)φ′
mφ′

r ui dξ

×
∫ 1

0

E(η)ψnψsv
′
j dη +

∫ 1

0

F(ξ)φ′
mφr u′

j dξ

×
∫ 1

0

E(η)ψnψ
′
sv f dη +

∫ 1

0

φ′
mφr u j dξ

∫ 1

0

ψnψ
′
sv

′
j dη

]}

Drs
kp = 2ν

(
h

cr

)(
h

L

)[∫ 1

0

F(ξ)u′
ku′

r dξ

∫ 1

0

E(η)v f v f dη

+
∫ 1

0

u′
kur dξ

∫ 1

0

vpv
′
j dη

]
+ (1 − ν)

(
h

cr

)(
h

L

)

×
[∫ 1

0

F(ξ)u′
ku′

r dξ

∫ 1

0

E(η)vpvs dη

+
∫ 1

0

uku′
r dξ

∫ 1

0

v′
pvs dη

]

Drs
g f = 2

(
h

L

)2[∫ 1

0

F(ξ)2u′
gu′

r dξ

∫ 1

0

E(η)v f vs dη

+
∫ 1

0

F(ξ)ugu′
r dξ

∫ 1

0

v f vs dη +
∫ 1

0

F(ξ)u′
gur dξ

×
∫ 1

0

v f vs dη +
∫ 1

0

ugur dξ

∫ 1

0

v′
f v

′
s

dη

E(η)

+ (1 − ν)

(
h

cr

)2 ∫ 1

0

u′
gu′

r dξ

∫ 1

0

E(η)v f vs dη

]

For Eq. (9), the term Bi j
mn is given as follows:

Bi j
mn = 1

6

{∫ 1

0

φm
i φn

m dξ

∫ 1

0

E(η)2ψ jψn dη

+
(

cr

L

)4[∫ 1

0

F(ξ)2φm
i φn

m dξ

∫ 1

0

E(η)3ψ jψn dη

+ 4

∫ 1

0

F(ξ)2φ′
iφ

′
m dξ

∫ 1

0

E(η)ψ ′
jψ

′
n dη +

∫ 1

0

φiφm dξ

×
∫ 1

0

E(η)ψn
j ψ

m
n dη + 2

∫ 1

0

F(ξ)3φn
i φ′

m dξ

×
∫ 1

0

E(η)2ψ jψ
′
n dη + 2

∫ 1

0

F(ξ)2φ′
iφ

n
m dξ
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×
∫ 1

0

E(η)2ψ ′
f ψn dη +

∫ 1

0

F(ξ)2φn
i φm dξ

∫ 1

0

E(η)ψ jψ
m
n dη

+
∫ 1

0

F(ξ)2φiφ
n
m dξ

∫ 1

0

E(η)ψn
j ψn dη + 2

∫ 1

0

F(ξ)φ′
iφm dξ

×
∫ 1

0

E(η)ψ ′
jψ

m
n dη + 2

∫ 1

0

F(ξ)φ jφ
′
m dξ

∫ 1

0

ψn
j ψ

′
n dη

]

+ ν

(
cr

L

)2[∫ 1

0

F(ξ)2φm
j φn

m dξ

∫ 1

0

E(η)3ψ jψn dη

+ 2

∫ 1

0

F(ξ)φ′
iφ

n
m dξ

∫ 1

0

E(η)2ψ ′
jψn dη +

∫ 1

0

φn
j φm dξ

×
∫ 1

0

E(η)ψ jψ
m
n dη +

∫ 1

0

F(ξ)2φm
i φn

m dξ

∫ 1

0

E(η)3ψ jψn dη

+ 2

∫ 1

0

F(ξ)φ′
iφ

n
m dξ

∫ 1

0

E(η)2ψ ′
jψn dη +

∫ 1

0

φiφ
n
m dξ

×
∫ 1

0

E(η)ψn
j ψn dη

]
+ 2(1 − ν)

(
cr

L

)2[∫ 1

0

F(ξ)2φn
i φn

m dξ

×
∫ 1

0

E(η)ψ jψn dη +
∫ 1

0

φ′
iφ

′
m dξ

∫ 1

0

E(η)ψ ′
jψ

′
n dη

+
∫ 1

0

F(ξ)φn
i φ′

m dξ

∫ 1

0

E(η)ψ jψ
′
n dη

+
∫ 1

0

F(ξ)φ′
jφ

n
m dξ

∫ 1

0

E(ξ)2ψ ′
jψn dη

]}
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I. Introduction

D ELTA wings are suitable for modern high-speed aircrafts due
to the low drag at transonic and supersonic regimes. Indeed, a

double-delta wing is especially favored because it has mixed char-
acteristics of simple delta wings with small to large leading-edge
swept-back angles. The performances of delta wings at landing or
takeoff conditions are unfavorable because they require high angles
of attack to attain necessary lifts at low speeds. The characteristics
of delta wings for such flow conditions are governed by the leading-
edge separation vortices over the wing. A number of investigations
have been carried out for simple delta wings. From the viewpoint
of numerical simulations, fairly accurate predictions are possible
by today’s computational fluid dynamics technique for low to mod-
erately high angles of attack, that is, before vortex breakdown or
lift stall occurs. On the other hand, there have not been sufficient
studies on the flow over a double-delta wing despite their practical
importance. Numerical accuracy for the problem has not been vali-
dated. Two vortices exist for each side of a double-delta wing; one
is originating from the leading edge of the strake and the other from
the main wing. These vortices interact with each other and eventu-
ally merge downstream. Thus, the flows over a double-delta wing
are more complex than over a simple delta wing. In our previous
effort,1 the effects of grid resolution were examined by using fairly
fine grids, but the results were not satisfactory when compared with
the experiment,2 even with the finest grid using 8 million points.

The purpose of this study is to improve the reliability of the nu-
merical simulations of a double-delta wing using a high-order com-
pact difference scheme.3 It is a family of spatially implicit schemes,
a subset of which are the well-known Padé approximations. The
scheme is easily extended to higher-order accuracy with a small
number of stencils and it has spectrallike resolutions. Its effective-
ness have been reported in recent years for computational aeroa-
coustics, for example, where sound waves with small pressure fluc-
tuations need to be captured accurately. In this paper, as the most
standard scheme today, Roe’s upwind scheme4 is also used. The
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